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ABSTRACT 

The factors of s t ress  concentration for f i l -  
l e t s  in a field of pure bending (denoted a s  the 
limiting case) have been investigated photo- 
elastically for flat bars. Under the condition 
of pure bending on both sides of the fillets, the 
maximum s t ress  i s  a function of the two para- 
meters  r/d and D/d , where D i s  the width of 
the enlarged section of the bar, d i s  the width 
of the bar,  and r i s  the radius of the connect- 
ing fillets. 

In this investigation, the factors  of s t r e s s  
concentration have been determined for the 
ca se  of a flat bar  of width d , containing a 
central enlarged section of width D and length 
L and connected by fillets of radius r , when 
subjected to pure bending in the narrow portion 
of the bar.  Under these conditiens, an addition- 
a l  parameter LID influences the value of the 
maximum s t r e s s  obtained at the fillets. 

The factors of s t r e s s  concentration increase 
with increasing L / D  , attaining a s  an upper 
bound the value for  the limiting case. For  r/d 
= .025 this limiting value i s  reached at about 
L I D  = 2.0; while for r/d = 1.0, the limiting 
value i s  practically reached a t  LID = 0. 

Three-dimensional tes ts  using Foster i te  and 
the "s tress  freezing" technique have been made 
to obtain correlation between the two- and 
three-dimensional factors of s t r e s s  concentra- 
tion. A novel method of slicing makes possible 
the obtaining of a se r ies  of tes ts  f rom a single 
model. 

INTRODUCTION 
\ 

The factors of s t r e s s  concentration for f i l -  
l e t s  in a field of pure bending have been de- 
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termined photoelastically for flat bars . ( l )*  
The case of pure bending on either side of the 
fillet shall be referred to a s  the "limiting 
case". For  the limiting case, the factor of 
s t r e s s  concentration i s  a function of the two 
parameters r/d and D/d , where d is the 
width of the narrow portion of the bar,  D i s  
the width of the enlarged section, and r is the 
radius of the connecting fillets (Fig. 1). 

In this investigation, the factors of s t r e s s  
concentration, k , h v e  been determined photo- 
elastically for the bending case of a flat bar 
of width d , containing a centrally enlarged 
section of width D and length L and crJmected 
by fillets of radius r (Fig. 2). The loads were 
applied a t  points sufficiently removed from 
the fillets to produce pure bending in the nar- 
row portion of the bar.  Under these conditions, 
k is iiifliieiicd by a third parameter, LID . 

SCOPE OF TESTS 

Maintaining a constant value of D/d and L/D , 
models were machined having ratios of r/d 
varying from about .02 to 1. The value of the 
s t ress  concentration factor, k , was obtained 
for each of these models enabling the plotting 
of one of the curves of k vs. r/d for constant 
D/d and L I D  , a s  shown in Fig. 2. old was 
kept constant a t  values of 1.25, 2, and 3, while 
LID was maintained a t  1/4, 1/2, 1, and 2; re -  
sulting in the twelve solid curves shown in 
Figs. 2, 3 and 4. 

The experimental points a r e  indicated in Fig. 
2 to show the number of individual tes ts  made 
and the overall consistency of the results. Val- 
ues of k obtained by ~ r o c h t ( 1 )  for the limiting 
case ( LID 3 2 ) a r e  shown in Fig. 3 to show 
the agreement with the present investigation. 

* Superiors in parentheses pertain to ref- 
erences. 
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FIG. I : FILLETS IN A FIELD OF PURE BENDING 
(LIMITING CASE ) 

LIMITING CASE, FROCHT. 
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FIG 3 k YS r / d  FOR VARIOUS VALUES OF L /D.  D /d r  2 

k = -  *' , where 
unom 

(1) 

uf = maximum s t r e s s  of the 
fillet, and 

M b c  6 M b  
' 7 ' 2 

d 

FIG 2 FACTORS OF S T R E S S  CONCENTRATION FOR THE 

BENDING CASE OF F I L L E T S  IN A F L A T  BAR WITH 

C E N T R A L  E N L A R G E D  SECTION. D / d  - 3 

METHOD OF EVALUATING k . 
The factor of s t r e s s  concentration, k , i s  de- 

fined a s  the ratio of the maximum s t r e s s  at  the 
fillet to the nominal s t r e s s  computed by the 
flexure formula. Thus 

t being the thickness of the bar. 
In this investigation k was determined ex- 

clusively by the photographic method. Thus 

r . , where 

n f  is the maximum fringe order a t  the fillet 
and n is the fringe order at the outer fiber of 
the narrow portion of the bar where the condi- 
tions of pure bending exist. Thus, referring 
to Fig. 5, 
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k 
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0  . 0 4  .08 .I2 16 ,520 . 2 4  . 2 8  . 3 2  3 6  . 4 0  

. '/,, 
FIG. 4 k vs. r / d  FOR VARIOUS VALUES OF L/D. D /dm1.25 .  

R, Y . 5  
ks-.- . 2. I I for  the upper fillet. 

n 4.5 

For each test, four values of k were obtained: 
two on the compression side and two on the 
tension side. Furthermore, a t  least three dif- 
ferent loads were employed for each test. 
Thus, k for each experimental point was taken 
a s  the average of about twelve values. 

Fig. 6 is of interest because i t  shows the 
small  portion of the s t r e s s  pattern required 

r the photographic determination of k , a 
ct which is employed in the slicing of the 
rozen s t r e s sn  models used for the three-di- 
ensional tes t s  of shafts. 

RESULTS 

In addition to presenting the resul ts  a s  k vs. 
r /d for constant D/d and L / D  a s  done in Figs. 
2, 3 and 4; curves of k vs. LID for constant 
' I d  and ~ / d  have been plotted a s  shown -in 
Figs. 7, 8 and 9. Here, the benefit of an ad- 

FIG.5. STRESS PATTERN FOR BENDING CASE OF FILLETS 

IN A FLAT BAR WITH CENTRAL ENLARGED SECTION. 

r = . 1 5 7 i n .  L = 5 . 9 0 8  in. D/d = 2 . 9 7  

d = 1 . 9 8 3 l n .  t = . 1 1 7 i n .  L/D = 1 . 0 0 2  

D = 5.895  In. r/d 8 . 0 7 9 2  Mb = 185.0 lb. in. 

K(upper f i l let )  = 9.%.5 * 2.1 1 MATERIAL: AMBER BAKELITE 

ditional point is obtained where k is  equal to 
1 and LID is negative and given by: 

I 
L/D=-- J 

D/d 
( ~ / d  - 1 ) (4 r /d  - ~ / d  + I )  when 
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FIG.6. STRESS PATTERN SHOWING SMALL PORTION NEEDED FOR PHOTO- 

GRAPHIC DETERMINATION OF FACTOR OF STRESS CONCENTRATION. 

r = . 047  in. L . 5.895 in. r/d = .0241 

d = 1.951 in .  t * .I 17 in.  D/d 3.017 

D 5.891 in. L/D = 1.03 

K = 7.5/2.5 = 3 .00  MATERIAL: AMBER BAKELITE 

Finally, the resul ts  a r e  shown in tabular 
form in Table I. 

In addition, the empirical equation 

for r d  I, D/d > I ,  L/D > O  (4) 

has been developed, which i s  in good agree- 
ment with the experimental results and is use- 
ful for interpolation and extrapolation within 
the l imits prescribed. 

Fig. 10 shows k vs. for various values 
of r/d , when L I D  3 2 . Results from empiri- 
cal equation (4) a r e  shown for r/d = .025. 

THREE-DIMENSIONAL TESTS 

The factors  of s t r e s s  concentration for the 
three-dimensional case of fillets in a field of 

pure bending were determined using Foster- 
ite(2) shafts and the "freezing" and "slicing" 
technique. Instead of slicing the entire shaft, 
only a small part  of the shaft was milled away 
to expose an outer ridge of the slice a s  shown 
in Fig. 11. The factor of s t r e s s  concentration 
can be determined photographically a s  before 
for  the flat bars.  Thus, referring to the s t ress  
pattern of Fig. 12; 

After partial slicing, the model may be an- 
nealed to remove the s t resses  and remachined 
to  a slightly smaller  size so  a s  to  re.move the 
ridges left by the partial slicing. In this man- 
ner,  a ser ies  of tes ts  may be obtained from a 
single model. 

Fig. 13 shows a s t r e s s  pattern obtained by 
partial slicing for  a fillet of 1/16 inch radius 
in a shaft 2-1/2 inches in diameter, while Fig. 
14 shows a 'frozen" s t r e s s  pattern of a con- 
ventionally sliced model. 
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FIG. 7 FACTORS OF STRESS CONCENTRATION, k 
P L O T T E D  AGAINST L / D .  D/d - 3 

The frozen s t r e s s  patterns were obtained 
sing a diffusion polariscope(3) and merely 

the models with Halowax oil so  that 
ion in large tanks was not necessary. 
c tors  of s t r e s s  concentration obtained 

rom the "frozen s t ress"  tes t s  for the bending 
of fillets in shafts a r e  shown in Fig. 15 

her with the two-dimensional results ob- 
ained, those of ~ r o c h t ( 1 )  for  flat bars,  and 

results of Peterson and ~ a h l ( 4 )  obtained 
large steel shafts using a mechanical strain 

- 1.2 -0.8 -0.4 0 0.4 0.8 1.2 1.6 2.0 2.4 

FIG. 8 FACTORS OF STRESS CONCENTRATION,  k ,  

PLOTTED AGAINST L/D.  D/d = 2 

CONCLUSIONS 

For  the bending case of b a r s  and shafts with 
central enlarged sections of width D and length 
L the factor of s t r e s s  concentration, k , is a 
function of LID in addition to  the other two 
parameters  r/d and D/d which govern in the 
pure bending or  limiting case. k increases 
with increasing LID attaining the maximum 
value when LID = 2 for r/d = .025, while for  
r/d = 1, the limiting value is practically 
reached a t  LID = 0. 
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FIG. 9 k vs L /D. D/d = 1.25 

L'/d 

FIG. 10 FACTORS OF STRESS CONCENTRATION, k ,  FOR THE 
LIMITING CASE ( L / D  " 2 )  OF FILLETS IN BENDING. 

FIG. I I 
SKETCH SHOWING METHOD OF PARTIAL SLICING. 
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FILLET IN PURE BENDING. SHAFT HAS BEEN PARTIALLY 

SLICED AS SHOWN IN FIG. I I. LIGHT AND DARK BACK- 

GROUND PHOTOGRAPHS OF TENSION SIDE. 

IN  l T l  A L  DIMENSIONS: 

r = . I88  In. r /d = . 0 4 7  

d 8 4 . 0 0 6 i n .  D/d * 1.25 

D = 5 .008  in. L/D 2.01 

L * 10.065in. M, - 283.9 Ib. in. 

FINAL DIMENSIONS: 

r; - . 2 0 0  in. r;/d' s .O50 

THICKNESS OF SLICE - ,126 In. 

FIG. 13. .FROZEN' STRESS PATTERN'FOR PARTIALLY SLICED 

FOSTERITE SHAFT WITH FILLET I N  PURE BENDING. 

TENSION SIDE. 

l NIT1 A L  DIMENSIONS: 

r * . 0 6 3  in. r / d  * . 0 2 5 5  

d 2.450in.  D/d * 2 .00  

D = 4.900in.  V D  = 1.98 

L . 9.730in.  M, = 103.9 1b. in. 

F INAL DIMENSIONS: 

r; . 0 7 4  in.  = . 0 3 0 2  . 
THICKNESS OF SLICE: . 0 4 6  in. 1C * 44.5 = 2.67 



TABLE I. 

FACTORS O F  STRESS CONCENTRATION, k ,  FOR THE BENDING CASE OF F I L L E T S  I N  

F L A T  B A R S  WITH  C E N T R A L  ENLARGED SECTION 

* FROM EXTRAPOLAT ION 

FIG. 14. STRESS PATTERN OF CONVENTIONALLY SLICED MODCL 

OF SHAFT WlTH FILLET IN PURE BENDING. 

IN IT IAL DIMENSIONS: 

r = . 2 5 0  in. L 4.430 In. L/D 8 2.00 

d 1.108 in. r /d  8 . 225  M b  m 9.66 Ib. in. 

D = 2.216 in. D/d = 2 . 00  

THICKNESS OF SLICE * 0.138 In. 
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F L A T  BAR, D/d = 2 . 0 0 ,  PHOTOELASTIC,  L E V E N  8 HARTMAN. 

- - - FLAT BAR, D/d = 1 . 2 5 ,  PHOTOELASTIC,  L E V E N  8, HARTMAN. 

o F L A T  BAR, D/d = 2 . 0 0 ,  PHOTOELASTIC,  FROCHT. 

o F L A T  BAR, D/d = 1.25,  PHOTOELASTIC, FROCHT. 

II SHAFT, D/d = 2 . 0 0 ,  PHOTOELASTIC,  FROZEN STRESS,  

L E V E N  8 HARTMAN. 

0 . 0 4  . 0 8  . I2  . I6 . 2 0  . 2 4  . 2 8  . 3 2  

'Id 

FIG. 15 TWO - AND THREE -DIMENSIONAL 

CONCENTRATION FOR F I L L E T S  

BENDING. 

In general, the three-dimensional factors of 
r e s s  concentration a r e  slightly lower than 
e two-dimensional ones, which is in agree- 
ent with the theoretical solution of ~ e u b e r ( ~ )  
r notches in bending. However, the results 
r steel will be slightly higher than those ob- 

ed for Fosterite because of i t s  large value 

FACTORS 0 
IN A FIELD 

F S T R E S S  

OF PURE 

of Poisson's ratio (0.48). (5) 
The deformations obtained in the frozen 

s t r e s s  tes ts  a r e  quite large, necessitating the 
measuring of all dimensions after loading. On 
the basis of the results obtained, however, the 
large deformations do not appreciably al ter  
the maximum tangential s t r e s se s  from those 
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which exist in engineering materials. 
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