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ABSTRACT 

The paper g i v e s  general s t eps  for dynamic nonlinearity t o  

s h o t  peening mechanics. Three-dimensional constitutive material 

law expressed in stress invariants i s  u s e d  along w i t h  the 
nonlinear analysis based on t h e  c o n c e p t  of i n i t i a l  stress. 

Residual stresses can be calculated using i n f o m a t i o n  in Gauss 
i n t e g r a t i o n  p o i n t s .  The corresponding shakedown modes can be 

i n t e r p r e t e d  as those  which  as s t a t e  o f  e q u i l i b r i u m  i s  no l o n g e r  

poss ib le .  T h e  f i n a l  results obtained t h e  shakedown diagrams 

p l o t t e d  i n  t h r e e  dimensions. 

KEPWORIDS : 

Shakedown, R e s i d u a l  stresses, ~onlinearity, 

d i m e n s i o n a l  F i n i t e  element. 

Three 

INTRODUCTION 

The work is concerned with the development of Three 

dimensional finite element analysis which cope with  compex target 
geometry and allows for dynamic loading due to an impinging shot. 
The problem is envisaged to embrace a process of multiple 

indentation which covers the surface of the target progressively, 

thus allaowing for shakedown of each spot due to repeated impact. 

For simplicity, the shot is assumed rigid and undeformable 

while the target material receives indentations. Low and high 
velocity ranges have been considered together with the contact 

time. The shot velocity ranges come from the data available from 
a series of tests carried out by the author. These have been 
simulated in order to process specific results. 



It is essential to enlarge upon the basic criterion. The 

rigid steel shot is assumed to strike, with a gradually 

increasing load, on the steel target plate. This increasing load 

is imposed on each surface element, one at a time. The patch load 

in effect acts, during loading and unloading, on each surface 

element, exciting all the other elements through the conductivity 

model which links all the elements together. The second loading 

is then applied on the adjacent surface element, but this time 
all the residual displacements and residual stresses from the 

previous impact are allowed for. Therefore, the response of the 

target will be different. By storing and updating the state of 

the target the emmulative result is then plotted in a three- 

dimensional space. The process is repeated until the whole 

surface is covered more than once, so that each spot is loaded 

several times, the number of times depending upon the duration of 

the process, subsequently, the loading cycles and the surface 

target is said to shakedown. 

STEPS FOR NONLINEARITY ANALYSIS 

The dynamic equilibrium conditions [ 1-8 ] at the nodes of the 
descritized system of target elements, at a given time t, are 
given by 

[~]u(t) + [c]C(t) + [K]u(t) = R ( t )  

where [ M I  = mass matrix, 

u = vectors of displacement, 

R = vectors of load, 

[C], [K] = damping and stiffness matrices. 

These equations are supplemented with a system of initial 

conditions. In non-linear problems, the non-linear effects in the 

element stiffness matrix may be due to either large displacement 

effects or material-yielding behaviour, or a combination of both. 
In the present case of the target the non-linear stiffness 

effects are restricted to those related to material yielding. 

These matrices are dependent on the current displacement of 

target and its previous loading history. 

The equation of motion may be written in increment form with 



modified [C] and [K] 

[~ll~(t) 1 + [cinl{h) 1 + KI{U(t) 1 = {R(t)} + {P(t) 1 ( 2 )  

where {P(t)} is the initial load = {[~~]*{5(t)}+[aK]*U(t)}} 

( *  indicates time 0 + t). 

Solution at t + at 
[MI {fi(t+~t) }+[c,] {~(t+~t) }+[%,I {AR(~+A~) }+{AP(~+A~) } (3) 

aP(t+~t) represents the non-linearity during time increment 

at and is determined by interaction using the stress 

approach. 

{a1 = [ & I  ({&)-(&o)>+{cJo1 ( 4 )  
The constitutive law is used with the initial stress and constant 

stiffness approaches throughout the non-linear and the dynamic 

iteration. For the iteration 

{U(t+~t) I i  = [&I-'. {RToT(t+~t) l i  
The strains are determined using 

{ E  (t+~t) );=[B 3 {U(t+~t) I i  ( 6 )  

where [B] is the strain displacement. The stresses are computed 

as 

{o(t+At) }i = [&I { E ( t + ' t )  1i +Io,(t+At) 1i-1 ( 7 )  

where {o,(t+~t)) is the total initial stress at the end of each 

iteration. All calculations for stresses and strains are 

performed at the Gauss points of all elements. The initial stress 

vector is 

{oo(t+~t) Ii = f { E  (t+~t) Ii  - [ & I  { E  (t+At) ]i ( 8 )  

Using the principle of virtual work, the change of equilibrium 

and nodal loads {aP(t+nt)Ii are calculated as 



Von Mises c r i t e r i o n  i s  used and t o g e t h e r  w i t h  t r a n s i t i o n a l  f a c t o r  

(Fig. 1) f*, form the b a s i s  of  t h e  p l a s t i c  states such  t h a t  

The e l a s t o - p l a s t i c  stress increment w i l l  be 

~f o ( t + ~ t ) ~  < o, ( t ) ,  it i s  an e l a s t i c  l i m i t  and t h e  process  i s  

r e p e a t e d .  The equ iva l en t  stress i s  c a l c u l a t e d  from t h e  c u r r e n t  

stress s t a t e .  Where s t r e s s e s  a r e  d r i f t e d  they a r e  c o r r e c t e d  from 

t h e  e q u i v a l e n t  s t r e s s - s t r a i n  curve.  

T h e  r e s i d u a l  load v e c t o r  i s  c a l c u l a t e d  a s  

{ R }  = P - 1, [ ~ j ~ q t + a t ) ,  d V O ~  

SIXAKEDOWN ANALYSIS 

T h e  shakedown load  f a c t o r  i s  determined us ing  a g a i n  a  

p i e c e w i s e  l i n e a r i z e d  convex y i e l d  s u r f a c e  i n  t h e  dynamic f i n i t e  

e lement  displacement  fo rmula t ion .  The c o n s t i t u t i v e  l o w  i s  

ma in t a ined .  

When t h e  l oad  Fi a r e  a p p l i e d  on an e l a s t i c  p e r f e c t l y  p l a s t i c  

s teel  t a r g e t  p l a t e ,  it w i l l  shakedown i f  time independent,  

r e s i d u a l  stresses oR can be found, such t h a t  

f W R ( % ~ )  + Q R J  4 0 

f o r  every 2 and t F (a)< 0 be ing  t h e  y i e l d  c o n d i t i o n  and o, (zf t ) 
i s  the l i n e a r  e l a s t i c  response  of t h e  p l a t e  t o  Fir where zf t are 

s p a t i a l  c o o r d i n a t e s  o f  t h e  l oad ing  t o  be r e p r e s e n t e d  by the n- 

l o a d i n g  parameter  conf ined  i n  a p r e s c r i b e d  r e g i o n  denoted by 



f (Fi )=O i n  t h e  l oad  space.  

by a u n i t  l oad ing  r eg ion  f  

c a s e .  The a c t u a l  l oad ing  

The load ing  domain can be r e p r e s e n t e d  

(Fi)=O t imes a, f o r  p r o p o r t i o n a l  l o a d i n g  

h i s t o r y  Fi can pass  th rough  any p o i n t  

i n s i d e  t h e  l oad ing  domain f  (Fi)=O, a s  a p r e s c r i b e d  f u n c t i o n  of 

t ime .  The shakedown problem i s  t o  f i n d  t h e  maximum v a l u e  of g 

when t h e  t ime  f u n c t i o n  of t h e  load ing  i s  known s u b j e c t  t o  t h e  

c o n d i t i o n  t h a t  

f [ % a a ( z t t )  + osjl S 0 

The above dynamic a n a l y s i s  i s  c a r r i e d  o u t  w i th  p r e s c r i b e d  

i n i t i a l  c o n d i t i o n s  such t h a t  t h e  response becomes p e r i o d i c  due t o  

e x t e r n a l  l oad ing  F,. The s t r e s s  response v e c t o r s  a r e  maximised 

w i t h  r e s p e c t  t o  t h e  assumed l i n e a r i z e d  y i e l d  p l a c e s .  

RESULTS AND D I S C U S S I O N  

A s imple  model of a s t e e l  t a r g e t  p l a t e ,  Fig.2 i s  chosen f o r  

dynamic i n d e n t a t i o n  s t u d i e s  when it i s  s u b j e c t e d  t o  s t e e l  

spercua. A s p h e r i c a l  s h o t s  w i t h  wide range of impacting ----"- 
t h e o r e t i c a l  s o l u t i o n  which endeavours t o  model t h e  s h o t  peening 

which d i s c u s s e d  e lsewhere  [9-111 has  been a s s o c i a t e d  w i t h  s h o r t  

and l o n g  t ime  dependent condi t ion ,  as mentioned above. Before  

g i v i n g  an  exp lana t ion  t o  t h e  r e s u l t s  produced from t h e  th ree -  

d imens iona l  f i n i t e  element a n a l y s i s ,  it i s  e s s e n t i a l  t o  d i l a t e  

upon t h e  b a s i c  c r i t e r i o n .  The r i g i d  steel s h o t  i s  assumed t o  

s t r i k e  w i t h  a g r a d u a l l y  i nc reas ing  load ,  t h e  steel t a r g e t  p l a t e .  

Beyond t h e  e las t ic  l i m i t ,  p l a s t i c  f low occu r s  i n  t h e  target 

p l a t e ,  r e s u l t i n g  i n  a permanent i n d e n t a t i o n .  



During t h a t  s t a t e  - p l a s t i c  de fo rma t ion  - when r e s i d u a l  

stresses o c c u r  i n  t h e  t a r g e t  p l a t e ,  t h e y  i n h i b i t  f u r t h e r  p l a s t i c  

f l ow  when t h e  same p l a t e  i s  s u b j e c t e d  t o  r e p e a t e d  impact  of  t h e  

same s p o t .  A f t e r  a f e w  c y c l e s ,  a s t e a d y - s t a t e  i s  reached when the 

de fo rma t ion  i s  e n t i r e l y  e l a s t i c .  Th i s  p r o c e s s  as g i v e n  above i s  

known a s  t h e  shakedown and the maximum l o a d  unde r  which it o c c u r s  

i s  t h e  l i m i t  of t h e  shakedown. The c o n d i t i o n  for t h e  shakedown i s  

m a i n t a i n e d  such  t h a t  t h e  systems of  r e s i d u a l  stresses t o g e t h e r  

w i t h  t h e  normal stresses due t o  l o a d s  do  not exceed t h e  y i e l d  

c r i t e r i o n .  

F i g u r e s  3-5 ,  shows r e s u l t s  of t h e  s h o t s  w i t h  30,  40  and  1 0 0  

m/sec, r e s p e c t i v e l y .  The same s p o t  i s  chosen for all t h e s e  s i n g l e  

i m p a c t s  w i t h  t h e s e  v a r i a b l e  v e l o c i t i e s .  The r e d u c t i o n s  of t h e  

c u r v a t u r e s  f r o m t h e  bottom i n  each i n d i c a t e s  t h e  e v e n t u a l  e l a s t i c  

de fo rma t ion .  In a l l  cases wi th  t h e  i n c r e a s e s  i n  t h e  number o f  

impac t s ,  t h e r e  i s  a sp r ead ing  e f f e c t  of t h e  p l a s t i c a l l y  deformed 

regions. These regions tend t o  s p r e a d  f u r t h e r  beyond t h e  r im o f  

i n d e n t a t i o n  r a t h e r  t h a n  deeper  i n t o  t h e  t a r g e t  p l a t e .  The p l o t s  

indicate a g r e a t e r  p i l i n g  up of t h e  metal a t  t h e  edge o f  

i n d e n t a t i o n .  The maximum v a l u e s  o f  ha rdnes s  i n c r e a s e  i n  a l l  cases 

up t o  8-10 impac t s .  

It is interesting to note that some layers below t h e  

i n d e n t a t i o n  undergo c e r t a i n  amounts of s o f t e n i n g .  The o n l y  

e x p l a n a t i o n  can  be o f f e r e d  i s  perhaps  a change i n  the d i r e c t i o n  

o f  s t r a i n i n g  and /o r  t h e  r e cove ry  s t r a i n s  c a u s i n g  f u r t h e r  p l a s t i c  

d e f o r m a t i o n  r e s u l t i n g  i n  t h e  r e d u c t i o n  of hardness. 
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Fig. 2: Steel target plate actual plate size shaded ~a (114 of p U  size i 



Fig. 3: Shakedown Analysis Type 1 (30dszc)  

Fig. 4: Shakedoun Analysis Type 2 ( W s e c )  
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Fig. 5: Shakedown Anaiysis Type 3 j i Wxdsec j 


